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INTRODUCTION

Modern differential geometry explains explicitly the dynamics of Lagrangians. So, we say that if M is an m — dimensional
configuration manifold and L: TM — R is a regular Lagrangian function, then there is a unique vector field £ on TM such that
dynamics equations is given by:

Where @, indicates the symplectic form and E;, is the energy associated to L.

The triple (TM, @, &) is called Lagrangian system on the tangent bundle TM.

In literature, there are a lot of studies about Lagrangian mechanics, formalisms, systems and equations [De Leon, 1989; Tekkoyun,
2005; Tekkoyun, 2005] and there in. There are real, complex, paracomplex and other analogues. It is possible to produce different
analogues in different spaces. Finding new dynamics equations is both a new expansion and contribution to science to explain
physical events.

Quaternions were invented by Sir William Rowan Hamilton as an extension to the complex number. Hamilton’s defining relation
is most succinctly written as:

i?=j2=k?=ijk=-1 2)
If it is compared to the calculus of vectors, quaternions have slipped into the realm of obscurity.

They do however still find use in the computation of rotations. A lot of physical laws in classical, relativistic, and quantum
mechanics can be written pleasantly by means of quaternions. Some physicists hope they will find deeper understanding of the
universe by restating basic principles in terms of quaternion algebra.
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It is well-known that quaternions are useful for representing rotations in both quantum and classical mechanics
[http://www.stahlke.org/dan/Phys-papers/quaternion-paper.pdf]. Cliffordian manifold is a quaternion manifold. The above
properties yield also for Cliffordian manifold.

Preliminaries

Throughout this paper, all mathematical objects and mappings are assumed to be smooth, i.e. infinitely differentiable and Einstein
convention of summarizing is adopted. F(M), X (M) and A (M) denote the set of functions on M, the set of vector fields on M
and the set of 1-forms on M, respectively.

Theorem

Let f be differentiable ¢ , 1 are 1-form,then [Abdulla Eid, 2008]:

. d(fp) = df\p + fdo
. d(pAY) = dpN\Y — pA\dy

Definition (Kronecker’s delta)

Kronecker’s delta denote by & and defined as follows [Joel, 2013; Liviu, 2009]:

(1 i=j
]_ ]
6"_{0; [ #j

Cliffordian Kahl er Manifolds

Here, we recalled the main concepts and structures given in [Yano, 1984; Burdujan, 2008]. Let M be a real smooth manifold of
dimension m. Suppose that there is a 6-dimensional vector bundle V consisting of F;(i = 1,2, ...,6) tensors of type (1,1) over M.
Such a local basis {F;, F,, ..., F¢} is called a canonical local basis of the bundle V in neighborhood U o f M. Then V is called an
almost Cliffordian structure in M. The pair (M, V) is named an almost Cliffordian manifold with V. Hence, an almost Cliffordian
manifold M is of dimensionm = 8n. If there exists on (M, V) a global basis {Fy, F,, ..., F} , then (M, V) is said to be an almost
Cliffordian manifold; the basis {F,, F,, ..., Fg} is called a global basis for V.

An almost Cliffordian connection on the almost Cliffordian manifold(M,V) is a linear connection V on M which preserves by
parallel transport the vector bundle V. This means that if @ is a cross-section (local-global) of the bundle V , then Vx® is also a
cross-section (local-global, respectively) of V', X being an arbitrary vector field of M.

If for any canonical basis {J;, J,, ..., J¢} 0 f V in a coordinate neighborhood , the identities
gUX,;Y)=gX,7), vX,Y eX(M), i=12,..,6 3)

Hold, the triple (M, g, V) is named an almost Cliffordian Hermitian manifold or metric Cliffordian denoting by V' an almost
Cliffordian structure V and by g a Riemannian metric and by (g, V) an almost Cliffordian metric structure.

Since each J;(i = 1,2, ...,6) is almost Hermitian structure with respect to g, setting
O,(X,Y)=9(XY), i=12,..6 4)
For any vector fields and Y , we see that ®@; are 6 local 2-forms.

If the Levi-Civita connection V= V9 on (M, g, V) preserves the vector bundle V by parallel transport, then (M, g, V) is called a
Cliffordian K dhler manifold, and an almost Cliffordian structure ®@; o f M is called a Cliffordian K dhler structure. A Clifford
Kdhler manifold is Riemannian manifold (M®", g). For example, we say that R®" is the simplest example of Clifford K cihler

manifold. Suppose that let {X;, Xp4+iX2n+i» X3n+i» Xantir Xsneir Xensi» X7nsi} i = 1,7 be a real coordinate system on R®". Then we

0 d 0 d 9 0 0 a
define b {— }and dx;, Axp i AXontiy AX3n4i) AXgp iy AXsppi AxXen i AX7p 4
y 8x;" Bxnyi’ 0xonsi’ 0xznti 0%ansi 0Xsnsi’ OXen+i’ 0Xymei { U ¥An+is 2n+ 3n+ir an+ir 5n+i» 6n+i 7n+L}

be natural bases over R of the tangent space T(R®") and the cotangent space T*(R®") o f R®" , respectively.
By structures J; , /5 , /3, the following expressions are obtained
a a a a a a
J (a_xl) - Oxn4i J2 (a_xl) h a9‘271+ia Js (a_xl) - ax3n+ia

a _ a a _ a _
]1 P) ) a_ ]2 P) )= P) . I3 \5 ) P) )
Xn+i Xi Xn+i Xan+i Xn+i Xsn+i

a _ a a _ a _ a
hWor =)= LGa)= 5 LG )= 5o
Xon+i Xan+i Xon+i Xi X2n+i Xen+i
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a a a [7] [7] a
]1(a< )=a- ](a )=a ]3(6- )=_T
Xi+3n Xi+5n xl+3n x1+6n Xi+3n Xi
h () = 7 2 Gr) = sGr) =7
! 0Xiyan OXit2n a7CL+4n ax1+n 0Xitan 0Xit7n
W) =~ 12 Gam) = - ( )=
! 0Xiysn 0Xit3n a7CL+5n axl+7n OXiysn 0Xiyn
a _ _ _ [7]
115 T 0y J2 5 T xensi/  0Xanai
Xen+i X7n+i x6n+l x3n+l Xen+i X2n+i
a a 0 a
)15 -)=_a ; ]Z(a )=a P) -)=_a ; ©)
X7n+i Xen+i X7n+i Xsn+i X7n+i Xan+i

Lagrangian Mechanics

In this section, we obtain Euler-Lagrange equations for quantum and classical mechanics by means of a canonical local basis
{J1,J2,J5} o f V on the standard Cliffordian K cihler manifold (R®", V).

First:
0 (0L oL a oL oL a oL oL
()4 =0 A w0 S ()
at \0x; 0Xpn4i 0t \0xp4i dx; dt \0xp4i 0X4n+i
a oL oL 0 oL oL a oL oL
—( )+ =0,—( )— =0,—( )— =0,
0t \0x3n+; 0Xsn+i Ot \0Xan4i 0xon+i 0t \0x5n 4 0x3n+i
a oL oL 7] oL oL
R (E S R
0t \OXen+i 0x7n4i 0t \Ox7n4i Oxen+i

Second, let J, take a local basis component on the standard Cliffordian K dhler manifold (R®",V) and
{xi) X siXomsis X3n4ir Xan+ir Xsn+i» Xen+ir X7nsi} -1 = 1,1 be its coordinate functions.

Let semispray be the vector field ¢ determined by:

E Xl Xn+iL + X2n+i 4 + X3n+i 4 + X4-n+i 9
ax; axnﬂ 0xzn+i Ox3n+i OXan+i
+X5‘n.+l. + X6‘n.+l. 9 + X7n+i 9 (6)
axSn+l OXen+i 0X7n+i

Where

i — n+i — o 2n+i — o 3n+i — o 4n+i — o

X' =%, X" =Xy, X = Xon+i X = X3n+i, X = Xan+i
Sn+i — o en+i — . n+i — o

X = Xsn+i X = Xen+i X = X7n+i

This equation (6) can be written concise manner

£= 3 gxomti 2 7

OXan+i

And the dot indicates the derivative with respect to time t. The vector field defined by

i 0 i 0 a ;i 0
Vz :]2(6) = X — xnti X2n+l X3n+L + x4nti
OXon+i OXqn+i ox; 0Xen+i OxXnti
_ X5n+l' 9 _ X6n+l' 9 + X7n+i 9
OX7n+i 0x3n+i OXsn+i

®)

Is called Liouville vector field on the standard Cliffordian K¢hler manifold (R®",V). The maps given by T, P: R®" - R such
that:

_1 22 w2 ) -2 ) -2 -2 )
T = omy(Xf + Xpai + Xopai + Xspai + Xanai + Xsnai + Xoner + X7nri)
_1 7 22 _
T = Emi Za:O Xan+i , P= migh

Are called the kinetic energy and the potential energy of the system, respectively. Here m; , g and h stand for mass of a
mechanical system having m particles, the gravity acceleration and distance to the origin of a mechanical system on the standard
Cliffordian K dhler manifold (R8",V), respectively.

Then L: R®" — R is a map that satisfies the conditions:

i) L = T — P is a Lagrangian function.
ii) the function given by E ,fz =V}, (L) — L, is energy function.
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The operator i;, induced by J, and given by:

,w(Xy, Xy, o, Xp) = i @ Xy, o, 2 X5 o, Xp) ©)
Is said to be vertical derivation, where w € A"R8", X; € X' (R®"). The vertical differentiation d;, is defined by:

d;, = i), d]| = i;,d — dij, (10)

Where d is the usual exterior derivation. For J,, the closed Cliffordian K dhler form is the closed 2-form given by dDiz = —dd,L
such that

a [7] a
d, = dx; — AXppi — —dXppyi + ——dX3p4; + dx
J2 %Xonsi i X 4n+i n+i ax; 2n+i X gn+i 3n+i ax 4an+i
m g — —— X + ——dx
x7nsi 5n+i dxzn4i 6n+i dxsnsi n+i
Defined by operator
. 1p8n
d,: F(M) - A'R (11
Then
%L 92L 92L
2 = -2 dx Ndx; + ———dx; AdXps; + ——— dx; Ad X
L 0xj0x3n+i J L 0xj0xX4m4i J n+i ax;0x; j 2n+i
%L 921 921
— ———dxiNdx3py; — ———dxi\Ndxypy; + ———dx;Ndxs,y;
6x]-6x6n+i ] 3n+i axjaan- J 4n+i axj6x7n+i J ST+l
d2%L 92L 92L
+———dxiNdXgps; — ————dx;NdXx7p 4 — dxpiN\dx;
9xj0xgnyi ) OnHt oxjoxsne ) T xpyj0xana :
%L 92L 92L
Axpp iNdXyy; + ———dx, i NdXppyi ——————dxp iNdX3p4;
6xn+j0x4n+i n+]/\ n+i axn+j6xi n+]/\ 2n+i 0xn+j6x6n+i n+]/\ 3n+i
’L 2L 2L
AxXpy iNdXgpyi + —————dxp i NdXspy; + —————dxp i AdXgpyi
0%y jO0Xnyi n antl 0xnyj0X7n4i nJ Sn+i 0%n4j0X3n4i n+J 6n+i
92%L 921 321
— —————dxy  NdxXypyy — —————dxyp i Ndx; + —————dxyp i Adxyy; +
+ n+ 2n+ n+ +
xnyj0xsnti I nrt 0%an+j0Xon+i n Y 0xan4j0%an+i v nrt
oL dxypny iNdx oL dxyn. iNdx oL dxyn.iNdx +
0xan+j0x; antj antt 0Xx2n+j0%6n+i ntj 3nti 0Xon4j0Xnyi n+j anti
oL %L 2L
AXons i NdXsp 4 + ——————dXpn 4 jNAdXgne; — ——————dXpp jAdX 704
2n+ 5n+ 2n+ 6n+ n+ Tn+
o j0xX7nei ) M dxgnajOxspar ) T Bxpnyj0xsny; ) nEt
Pl Bty NX; + — e gy AdXpy; + — i dXgny A
0x3n4j0x; ant] b 0xangj0xansi 3ntj LT Bxgngj0x; 3ntj 2n+i
a2%L 2L 2L
— ————dxgu i Ndxgpy — —————dx3p i Ndxyp, + dxsp, iNdXspy,
3n+ 3n+ 3n+ an+ 3n+ 5N+
0x3n4j0Xen+i ntJ T BxangjOxn4i n+j M gt /0% msi n+j n+i
9%L 92l 92L
——————dX3, NdXgpr; — —————AX354 iNAdX 7y — —————d X4y i \dX;
Oxgngj0xangi oI TTOM Gxanj0xeng oI T Gy j0xgm T
O 1y Ay + — e X gy A Ly jAdx
0Xan+j0%an+i ant T x4ny j0x; anty 2+ 0X4n4j0%en+i 4ntj 3n+i
3%L 92%L 92L
—————dXy  iNdXypy; + ————dX 4y i NdXepy; + — A X4yt i NdXgn i
0xg4n4j0xnyi ant] ant 0x4n+4j0X7n4i antj Snti 044 j0X3m 4 antj 6n+i
3L 92L 2L
—————dxyp ;i Ndxyp; — —————dxgy, Ndx; + dxspi iNdxy
4n+ n+ 5n+ Sn+ +
0Xan+j0Xsn+i n n 0%xsn4j0Xan+i nt L 0x5n4j0Xan+i nr nE
2L 92L 32L
————dXep  iNdXyp — —————dXsp  iNAX3p 0 — ——————dXep iNAX4pyi
dxs5p4j0%; 5n+j 2n+i 054 j0%6n+i 5n+j 3n+i x5y j0Xn i 5n+j an+i
2L 92L a2 92L
+———dxg i Ndxgp i + ——————dxg Ndxgpy; — —————dXspy i NdXypy — —————dXeny i Ndx; +
0X5n+j0X7n4i nJ T xpy j0X3n4i i T Bxspyj0Xsn4i nrJ M Oxen4j0Xan4i nrJ !
P gy ATy + — o Xy Adx
0Xgn+j0Xan+i on+J et 0xen4joxi 6ntJ n+i
2L 921 2L
——————dXgn jNdX3pp; —————dXgpy i NdXypy; + AXgni iNdXsp i
en+ 3n+ 6n+ an+ 6n+ 5n+
0%en+j0Xen+i I et 0%en+j0%n+i nE ntt 0xen+j0%7n+i nr nrt
%L 2L 221 221
————dXgpy i NdXgpr; — —————AX gy iNAX 7y — —————dX7p i NdX; + ——————dx7p i AdXy 4 +
0%en+j0%anti Ot O+ xgnyj0xsnei Ot T Gy j0xgne; U Oxgpgj0xgmy; M n+i
2L 92L
AXypy iNdXgp i — dxor o i ANA X204 i
0x7n+j0%; 7n+]/\ antt 0x7n+j0%en+i 7n+]/\ dntt
9%L 921 921
— —————dXgp e ; NdXypp; + ——————dx7p  iNdXsyyi + —————dX7p  iNdXgpyi
0x7n4j0Xn4i et antl 074 j0X7n4i ntJ Sn+ 0X7n4j0%X3n4 m+tj 6n+i
a%L
— ——————dXyp ;NdX7p
n+ n+
0X7n+j0Xs5n+i ntJ nt

Let & be the second order differential equation by given Eq(1) and defined by Eq(6) and
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y i . y 1 ¢l

. ]2 .
l (D = —X"— j i
&L dxjox Spdx; +X dx +XL—5}d _ yn+i_ 9%L
jO%Xan+i ax 6x2n+l Ixi0x Xnsi — X
. 92L . j9%an+i dx;ox. e
+X! 8]dx x2n+i 9%L ) jOXan+i
Fr.ax Oi AXon+i — —dx; — X* —5]dx + x3n+ %L
21 oxom ST 0 ¢ st H X e
_yi j . joXen+i
X 5.}dx4 ,+X4-‘n.+l.—d i j 2
0xjxpy; L AMH P) x+X 5ldx _ yoSnti_ 9°L
xj0x J 9x:0 snti — X dx;
. 9%L : JO i x] x7n+l dx ;0 Xj +
L—a 8! dxgpe; — X6 8%L ; j j ;‘7n+i
xi0x g n+i T e— J— Tn+i 921
1. st 8xjdxzny; ) 6x]6x5n+L8 Axypy; + X la ’)
_Xn+16—L§n+jd ; 321 52 XjOXsn+i
axn+]'ax2n+i n+i AXi +X P dxn+ .4 XTl+l oL 5n+]d
Xn+j0X2n+i J ot oxa . Onwi AXnti
— X‘I’l+i 9%L d . 321 n+j0%Xan+i
X + xntt n+j 2n+i 921
6xnz+]'ax4-n+i ntj x4 ;0% OpyidXony — X "“ﬂ Xnij =
[ 9°L j n+jo0Xi
Xn+1 —5n+! ) 3In+i 92L ) ]2 ‘
X + X 0°L i
0xp4j0%gnei M 3n+i dx,,; - X" 0L sty
0xn4j0%en+i J 0%y i0 n+i EXan+i
an+i_ 0%L . 2 n+j0%n+i
+X P) dxn+‘ +Xn+LL5n+jd 5n+i 9%L
X4 jO0Xn+i J Dm0y bt PXomti X p
+Xn+i %L n+j . 2 *n+j0%7nti J
W(Snﬂ AXgns; — X oL d n+i 2L n+j
n+j0X3n+i 0%+ i0%zmi Xn+j -X ——§"dx .
Tn+i 32L 5 JjoX3n+i axn+jax5n+i n+i n+i
+X d _ y2n+i o°L 2n+j ; 2
9xp4 0 Xnij =X — 5 d i o°L
) Xsn+i 0%Xgn4 j0%an4i 2TMHE xi+X Y Axppij +
X2n+ia—L52n+jdx i 221 2n+j ;én-{-i
0Xon+j0X4n+i 2n+i Nt Py - dxyn,i+ x2ntt —L§2n+!'d _ y2n+i 9%L
. 52 2n+j0%an+i J Dxgpy 0x; 2T Xopi — X Adxon . —
x2n+i oL 2n+jdx 4 xant 92L n+jO0Xi 0xan+j0X; 2n+j
a : L o2n4i 3 [ .
xZn+]Z;‘6n+L L el 0Xan+j0%enti dXan+j
_X2n+i—L 2n+j . 921
xzms0%nsi Opnai AXansi + X —————dxyny; + xenti_ 0L santig
2n+j0Xn+i aAx i
L — + X2t oo Tl- 6x2n+,-62x7n+i e
; ~AXon+j . S i i %L
Ok jO%gmyi ) 841 AXenai — X ———— .
2 2n+j9%3n+i YT Xon+j
_X2n+iL62n+jd Tni 321 2n+j0X3n4i
o . L . 2
xzmsj0%snsi 2+ Xn4i + X - dxypy — X3+ _0%L  o3n+j
; 221 0%x2n+j0%sn+i J 0%X3n4 0% ~O3nsi dX;
+X‘de3n+], + X3n+iL53n+jd - gy 2n+i
sn+ e Xon+i Oxgn4j0%ansi STHE Xnti — X 3 dxansi +
X 3n+ %L 3n+j S g2 X3n+j0%an+i J
— = &My, . — X2t L ; 821 .
0X3n4j0%; 3n+i 2n+i ﬁdx3n+j — x3n+i —53n+]d
) 2 3n+jOXi OXans 0xgne;  3NH X3n+i
3n+i 0°L 2 +j0%en+i
+ X ox P dx3n+ . x3n+i oL 53n+jd An+i %L
632n+1' Yen+i J 0xX3n4j0xnyy STFL Xgn+i + X PY dXznyj +
3n+i L : 3n+j0Xn+i
S o v il AxXsny; — XM L g 3n+i L ;
3n+j0%X7n+i t t 0x3p4j0%7n 4t X3n+j + X FY T 3n+.]dx .
_xon+i 9%L . 52 ' X3n4+j0X3n4i 3n+i Yren+i
F— dx3n+]_ — x3n+i —L§3n+]d Tnti 921 2
o 3n+j0X3n+i X34 j0xsne; STHE Xnei T X e P) dx3n+]' - X4n+i#64n+jd
. L 340X . ‘dx;
Py XL sy e Trams ooy Ot X
X. : .
4nJ.r1 XZn;rZLL 1 0% 44 j0Xansi an+i PXn+i
— Xn+1 d 4 . 92L 3
- Xanti + X n+i 4n+j on+i 2L
ax4n+1?"4n+i nti 0Xgn4j0x; AN dXppe; — X2 5 AXanj
i 0°L : an+joXi
—x4n+ 6—5;ln+] dx .4 x3n+i 8%L anti ! BéL .
Xan4j0Xensi HTH 3n+i EY _dx4n+], —xanti__ 9L edAntj g
an+i 2L ) an+jOXen+i ax4n+]-axn+i 4n+i 4An+i
+X %D dx4n+]- +4 x4nti e 64"+jd Sn+i %L
ntj Xnti B%4n4j0%7pey AT Xsn+i — X 3 AXgnej +
) Gilax oL antjog. yonti 321 x4n+21'ax7n+i J
. ] i i — an+i 0°L ;
Dxgn4j0xspyy AT 6n+i Bams %ot dx4n+j — xAmti — = :n+]dx7
4 x7nHi 3L ) 52 ' Xgnj0xspy AT n+i
ax 9 dx4-n+j - Xan L 65n+]d i %L
46112+1 Xsnti Oxsn4j0Xomei OTHE Xt X ox dXsnij +
i . sn+jo9r2n+i
X5n+z—L55n+] nti 821 j ;
0Xsn4j0%Xansi ST AXpyi = X"t o dX5p 4 + xon+i_ 0L gsntjg.
X2n+i 921 I sn+j9Xan+i ax5n+]axl 5n+i 2n+i
- dx . x5n+ L 5n+j
Dxs 5n+ o — 3 3L
ax5n+£3xl J 0X5n40Xen+i Osnsi AXani + X i P i
_xsn+i__ 0L e5ntj ) 22L sn+j0%en+i J
Oxery D enai QXap gy + X40H d Sn+i %L Sn+j
sn+j0%Xn+i %54 i0%ng Xsn+j + X — = 5 n Jdx
_X5n+i %L d Snti 921 JEontL 6x5n+]-6x7n+i 5n+i 5n+i
) X5 +.+X n+i_ 9L o5n+j . 921
Oxsn4jO%znai ) 0xsms 10%3nsi Oenii AXgnii — X ————dxgn,
—X5nH o%L 5n+j ! 2 Oxsn4jO%ansi ")
e 05 .]dx7 . +X7n+ia—L 6n+i a%L
X5n+j0Xsn+i n+i n+i xems 9%e .dx5n+], _xen+i___ oL 6n+1d
+Xt Ld 6n+i 92L é o 62x6n+,-6x2n+i ot
0%+ %o+ Xen+j T X g sy oyt 9°L
J 22n+1 ax6n+jax4n+i 6n+i n+i 9x 3 x6n+ .
x0T St gy x2nti 9%L o) ans !
x4+ j0%; 6n+i 2n+i T mdeTLH XGnﬂLévﬁnﬂ'dx
3n+i 2L S OXgnsj0Xgns; ONFL T INH
+X D AXensi — xonti oL §6ntig an+i 92L
om0 %en+i J Gome s Contt WXansi T XS dXen+j +
X6n+ia—L56n+jdx ysn+i 32L x6n+2jaxn+i J
OXgn4j0xyny; O ST Py -dXenyj + xon+i__ 0L g6ntjg.
en+j0X7n+i 0Xen+j0X3n+i 6n+i en+i
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i a2L i 92L 6n+j i 92L
0Xen+j0X3n+i J 0Xen+j0%sn+i bnt ¢ OXen+j0%sn+i J
i 2L Tn+j i 221 i 0L 7n+j
o AL 17 PO G L T ST CAAL I I KA L
0X7n4j0Xom i 0x7n4j0Xon+i 0X7n4j0Xan+i
i a%L i 9%L Tn+j i 0%L
_Xn+1 dx7 i +X7n+t— .dxz i X2n+l. Xopai
0X7n+j0%an+i nrJ 0x7n4j0%; Tt nrt Ox7n4j0%; nJ
i 9%L Tn+j 3n4i 92L Tni 9%L 7n+j
_X7n+l—5 Tdx 4 xSl = dx L x'nti____— - § ‘dx .
3n+ 7n+ 4n+
0X7n4+j0Xen+i 7t o 0X7n4+j0Xen+i s 0X7n4j0Xn4i 7t ot
i 9%L Tn+i 9%L Tn+j Sn4i 9%L
x4t Axtypy i + X0+ — 0L §TH gy xS dxyny: +
0X7n4j0%n4i J 0X7n4j0X7n4i 7 et 0X7n+4j0X7n4i J
i 92L 7n+j 6nti 92L Tni 9%L Tn+j
X7n+l—5 Tdx N ‘€1 o P e — Lyt~ ~ ‘dx ,
6n+ n+ n+
0X7n4+j0X3n+i Tt Tt 0x7n4j0X3n+i s 0X7n4j0Xsn+i Tt nrt
i a%L
+ X7n+1 Xopai
0X7n4j0Xsn4i nrJ

Since the closed standard Cliffordian Kdhler form d){z on (R®,V) is the symplectic structure, it is found

i OL i OL i OL i OL
EI{Z — V] (L) — L= Xl. _ Xn+l. _ X2n+1_ +X3n+l. +
2 0xan+i OXan+i ox; 0Xen+i
X4n+i oL _ X5n+i oL _ X6n+l' oL + X7n+i oL _
0xni 0x7n4i 0X3n+i Oxsn4i
And hence
i 0% i 9%L i 0%L i 0%L
dEl{z = Xt dx]- _ yn+i dx]- _ x2n+i dx]- 4 x3n+ :
6xj6x2n+i anaX4n+i axjaxi axjax(,nﬂ-
i 0L i 0%L i 02%L i 0L
+X4-n+l —dx]' _ X5n+L dx]' _ X6n+l de + X7n+l —dx}-
6x1-6xn+i axj6x7n+i ax]'aX3n+i 6x]-6x5n+i
+xi—LL gy x+i 0L gy xom+i Ol gy 4
0xn4j0Xon+i n+ 0xn4j0Xan+i n 0xn4j0x; nty
i 921 i 9%L i 9%L
X3n+L dx. .. + X4n+l—dx L X5n+l—dx L
a7‘n+];37‘e,n+i ntl a7‘n+12‘675n+i ntl ax121+jax7n+i ntl
i 0°L i 0°L i 0°L
Xxontt dx,,; + X7 dxn,; + X dXpny i
6xn+1;9x3n+i nti a7Cn+j265‘55n+i n ax2n+jax22n+i ant
i 0°L i 0°L i 0°L
_Xn+1 dxz i X2n+L dxz i + X3n+l KXo+
ax2n+j‘23x4n+i s a95271+j26xi nrJ ax2n+jax62n+i neJ
j o°L 5n+i o°L 6n+i o°L
pxintl Ty = XS gy, o XD gy
0Xan4j0Xni ant 0X2n+j0X7n4i ntj 0xan+j0X3n+i nt
i 92L i 92L i a2L
+Xx7nt dxyne i+ X dxzp,; — X™ X3t
0xpp4jOxsnei 2t 0x3n4jOxonei ot 0x3n4j0%amsi oI
_X2n+i 2L d + X3n+i 2L d + X4n+i 2L d
Ox3n4j0X; Xan+j 0x3n4+j0Xen+i Yan+;j 0x3n4j0Xn4i Xan+
i 9%L i a%L i a2L
_X5n+1 dx3 i _X6n+l. dx3 i +X7n+l dx3 i
0x3n4j0X7n4i i 0x3n4j0X3n4i e 0x3n+j0Xsn+4i e
i a%L i 9%L on+i  0%L
HX —————dxypy i — X" ————dxypy; — X ————dxypny
0Xan+j0%on+i antj 0Xan4j0Xan+i antJ 0%xan4jOX; antj
i a%L an+i 9%L Sn4i 9%L
pxmii 0L gy ogxwmii L gy xS 0L gy
0Xan+j0%en+i nrJ 0Xgn4j0%n4i nrJ 0X4n4j0X7n4i s
i a%L i 9%L i 9%L
—xontt Axgpyi + X" —————dx,,, + XP Xsp+j
0Xan4j0X3n4i antJ 0Xan+jOXsn+i antj 0x5n4j0Xon+i st
i a%L . 9%L i 9%L
_X‘n.+l. dx5 i X2n+1 dxs v + X3Tl+l. X4
a9‘571+j62x4'r1+i nrJ a955'r1+j26xi e a755'r1+ja9;6n+i e
j o°L 5n+i o°L 6n+i 9°L
D G- PSRN € L LA, [V € ) P
0X5n4j0Xnyi nt 0X5n4jOX7n4i st 0x5n+j0%3n+i st
i a2L i a2L i 9%L
+Xx7n+t dxspy; + X* dxgny; — X" dxgny i
0X5n+j0Xsn+i nrJ 0Xen+j0%2n+i nrJ 0Xen+j0%an+i neJ
i 0%L i 9%L i 92L
_X2n+L dx e X3n+L dx . X4n+l dx i
axe,n+j‘z7fi entJ a755n+jaxe.121+i en+J ax6n+jaxn;-i entJ
i 0°L i 0°L i 0°L
_X5n+1 dx6 i X6‘n.+l. dx6 i + X7Tl+l Xen+ i
0Xen+j0X7n+i neJ 0%6n+j0X3n+i nJ 0Xen+j0Xsn+i s
i 9%L i 9%L on+i  0%L
X —————dxypy i — X" ————dxy — X ————dxy,
6x7n+]-6x2n;_i nt a5“7n+jax4n;ri nt 6x7n+]-6xi2 nt
j o°L an+i o°L 5n+i o°L
+ X3+ Axgpy; + XL gy oy TL gy
0x7n4j0Xen+i nrJ 0X7n4j0%n4i nrJ 0X7n+j0%7n4i i
i 9%L i 9%L oL oL
—xontt dxyp,j + X" Xomgj — ——dx; — ——dx,y;
0X7n4j0X3n+i nt 0X7n4j0Xsn+i nt Ox;j J 0xnyj n
oL oL oL oL oL
- Xon+j — 75— AXznyj — 53— AXanyj — 53— AXspyj — s dXgpy
Oxon+j M dxzng M xanyj M dxgnej M dxenej mr
oL
_—dx .
n+j

0X7n+j

(12)
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With the use of Eq.(1), the following expressions can be obtained:

i 9%L i i 9%L i i 0°L oj i 9%L i
i §ldx + X 2 ) dxy . + X 8l dxpnei — X' ot 5 d gy —
anax2n+i BXj6X4n+i axjaxl- axj6x6n+i
i 9%L j i 9%L j i 9%L j i 9%L j
X' —————68/dxypyi + X' —— 08/ dxspyi + X' ———— 8/ dxgpyi — X' 6; dX7p 4
6xj6xn+i i 4n+i 6xj6x7n+i i 5n+i Bx,-axsnﬂ i 6n+i 6xj6xSn+i i 7n+i
i 9%L n+j i 3%L n+j ;o 92%L n+ij
) AL LB XL P TR LI R ¢ 1 PP D Gl B I, Lo [ P
0xn4j0xan+i 0Xn4j0Xan+i Oxn4j0x;
i 921 n+j i a%L n+j i 0L n+j
X5 M dxgpy — X ———— 8 dxg s F XM ——— 8 dxg +
0%xn4j0Xen+i n+t 3n+l 0XnyjOxXnyi ntt antl 0Xn4jOX7n4i ntt st
; a2L n+j i a%L n+j on+i 82L 2n+j
i TE gty oo xnri L gntigy o xemei_ OL gimtig,
0xn4j0X3n+i ntt nrt 0xn4j0xsn+i n+t et 0%2n+j0%2n+4i 2n+l ¢
i d%L 2n+j on+i 9%L 2n+j 2n+i 9%L 2n+j
Xt — —— 5§ dx, 4+ X ——— 5 dxy s — X ———— 80 d X
0Xan4j0Xan+i Znti n 0xan4jOX; Znti antl 0Xan+j0Xen+i Znti sntl
i 9% 2n+j 2n+i %L 2n+j
—xeni L gintig, gy 0L gntign oy
0%xan4j0Xnyi nti nrt 0%an+4j0X7n4i n+ nrt
i 9%L 2n+j 2n+i 9%L 2n+j
in'H—é' Jdx L xnti____~ § ‘dx .
0%2n4j0X3n4i 2 Een 0%X2n4j0Xsn+i 2l BT
i 3L 3n+j i 3L 3n+j
— x93ty g xsnei 9L §EnHgy
0x3n+j0X2n+i 0X3n+j0X4n+i
i 9°L 3n+j 3n+i 0%L 3n+j
gyt~ Jdx,, . — X3t — = 5" dx, L. —
0x3n4j0X; n+i antl 0x3n4j0Xen+i 3n+i 3t
i 9% 3n+j 3n+i o%L 3n+j
yon+i__ 0L g3ntig, o4 xdmi_ 0L g3ntign o4
0x3n4j0%n4i dnti nEt 0x3n4j0X7n4i 3n+ it
i 9%L 3n+j 3In+i 9%L 3n+j
x3n+i Jdx., . — X3nti— -~ S AXg i
0X3n4j0X3n4i 3nti bnti 0x3n4j0Xsn+i 3nti Tt
i 92L an+j i 92L an+j
L S, s PR G USSR, o Y PR
0Xan+j0%z2n+i 0%4n+j0%4nai
i 9%L an+j An+i d%L 4n+j
xanti__— ~ Jdx,, . — X4nti____— — 5% gy
0Xan4jOx; Anti antl 0Xan+j0Xen+i anti 3ntl
i 9% an+j an+i o%L an+j
yan+i__ 0L gantig, o4 oy OL gantig, o4
0%4m4j0Xnyi an+i nrt 0%4m4jOX7n4i anti e
i d%L An+j an+i 9%L an+j
xonvi___ 7= 5y, oo— XA T = 5y,
0Xan+j0X3n4i anti on+t 0Xan+j0Xsn+i At mt
i 3%L 5n+j i 3%L s5n+j
— x5 g 4 xSnri 0L sy 4
0x5n+4j0%2n4i 0xs5n+j0%an+i
i 9°L 5n+j Sn+i 9%L 5n+j
xsnti__Z - gy o— XSMH__ 7= § dx
0x5n4j0X; Sl Frant 0x5n4j0Xen+i Snti EEInt
i 0%L 5n+j Sn+i %L 5n+j
xon+i_ 0L gSntig, o4 xSmi L gSntig, o4
0xs5n4j0%ne; ONFL ¢ Oxspyj0x7ney OMH :
i 9%L 5n+j Sn+i 9%L Sn+j
xsnti__ T~ 5™y o oo— XS T2 5y
0X5n+j0X3n+i Snti enti 0X5n+j0Xsn+i Snti Tt
i 3%L 6n+j i 92%L 6n+j
— xonti__ 9t sty 4o xenti_ Tt g6y 4
0Xen+j0%2n+i 0Xen+j0%an+i
i 0%L  cen+j 6n+i o%L 6n+j
yon+i L gontig, o xonti__ 0L gentig, o
dxgnjox; OMFE : dxgn+j0xen+i O ¢
i 8%L 6n+j 6n+i 8%L 6n+j
Xttt ——— 5 dxypy; + X ———— 5" d X
Oxen+j0xXnyi onti antt 0Xen+j0%X7n+i onti n
i %L 6n+j 6n+i %L 6n+j
yon+i_ L gontig, o xon+i__ 0L gontig,
Oxen+j0%3n+i ont nrt 0Xen+j0Xsn+i on+i et
i 9%L n+j i 9%L n+j
— x7mr T g g 4 x0T gy +
a5"7n+]‘65‘52n+i 6x7n+]-6x4n+i
i 0%L . 7n+j Tn+i %L 7n+j
xmi L gmmtig, o xTmii O gTntig, -
0%x7n4j0x; 7ntl ! 0%7m4j0Xen+i Tntl nrt
i a%L Tn+j Tnti a%L 7n+j
X7t ——— 5  dxyp s + X ——— 8 d X +
0X7n4j0Xn4i 7t antt 0X7n4jOX7n4i 7nti st
; %L Tn+j Tn+i %L 7n+j
xmiOL sTntign o xnbi_ L g7ty o4
0%x7m4j0X3n4i 7ntl ot 0%7m4j0Xsn+i Tntl nrt
L oL L oL L
S dx; + 2 dxpy i+ ——dXons | + e dXgny j + Xy +
6x]- j 6xn+]- n+j 6x2n+]- 2n+j 6x3n+,- 3n+j 6x4n+,- 4n+j
oL oL oL
Xsn4j T 5——dXenyj +5——dx7pyj =0
0Xsn+j I 0xen4j I dxgnej nJ

If a curve denoted by @ : R — R® is considered to be an integral curve of &, then we calculate the following equation:

i 9%L i 3%L i a%L i 9%L
X T g - xnrt T gy xnrl T gy x0T gy
0xj0xon+i 0Xn4j0Xon i 0Xan+j0%2n+i 0x3n4j0Xon+i
X4n+i oL d 5n+i 2L 6n+i oL
- ———dx; = X" —————dx; — X" ————dx; —
0Xan+j0%omei ) 0Xs5n+j0%2n+i 0Xen+j0X2n+i
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QS S P LS SR R €L S PR '€ LT R S
+ + +
0X7n+j0%2n+i 0xj0Xan+i ntJ 0Xn4j0Xan+i nrJ 0x2n+j0%an+i neJ
i 9%L & 9%L Sni 9%L
+x3n+ dxnyj + X4H dxp,; + X" dxp,;+
0Xx3n4j0%an+i nti 0Xan+j0Xan+i nti a755n+j65“4n+i ni
i a%L i a2L
xontt dx,,; + X" dx,, +Xl dx2 +it
0xen+j0%Xan+i nrJ 0X7n+j0%an+i nt ntJ
i 0%L i 0%L ;02 L
X ———dxyp,; + X2 dxyny; + X3 dxpnyi +
axn+]'axi 2n+j axzn”axi 2n+j 6x3n+]-6xi 2n+j
;. 0%L i 9%L i 9%L
X4n+1 dxz +it X5n+1 dxz it X6n+L dxz it
ax4n2+jaxi n+j 6x5,12+]-6xl- n+Jj axen;jaxi n+j
i 0°L 0°L i 0°L
X7t dx + - Xi———dxs,,; — X" X3nti —
0x7n4j0X; 2ntj 0xj0xen+i 3ntj 0Xn4j0Xen+i 3nty
a2L i 9%L i a%L
X2n+1 dX3 i X3n+L dX3 i X4Tl+l Xapei —
0x2n+j0%en+i nrJ 0x3n+j0%en+i i 0x4n+j0%en+i nrJ
i 9%L i 92L i 9%L
X5n+t dx L X6n+L dx L X7n+l x L
0x5n+j0Xen+i 3ntj 0Xen+j0%en+i 3nty 0x7n4+j0Xen+i 3nty
i 9%L i a2L i a%L
i~ —  dx — Xn+l dx — X2n+L x —
4an+ 4an+ an+
0xj0xn4i , nrJ O0Xn4j0xn4i , nrJ 0X2n+4j0%n4i , neJ
i 0°L i 0°L i 0°L
X3n+t dx L X4n+L dx - X5n+l X L
6x3n+é-6xn+i antj 6x4n2+]-6xn+i antj 26X5n+jaxn+i antJ
i 0°L i 0°L i 0°L
xon+i AXyps - XTTH AXgms; + X dXeps; +
0Xen+j0%n+i s 0X7n4j0%n4i neJ 0xj0X7n4i e
i 92L i 92L i 9%L
xnt dxgn, i + X2 dxgny i + X3 dxgn, i+
0Xn4jOX7n4i st 0xan+j0%X7n4i snt) 0x3n4j0X7n4i st
X4-n+i oL dxs 4 X5n+i %L dxs 4 X6n+i oL dxs 4
+ + +
0Xan+j0%7n+i nr 6x5n+j6x7n+i i 0xen+j0%7n+i i
2 2
7n+i 9°L i n+i 9°L
X 0X7n4j0X7n+i dx5n+] +X a75167‘3n+1 dx6n+j +X 0xn4j0X3n4i dx6n+j +
i 9%L 9%L i a%L
X2n+1 dx6 v + X3‘n.+l. de i + X4-‘n.+l. dx6 i +
a952n+j39‘63n+i neJ a9C3n+ja’253n+i nrJ a9C4n+j‘23x3n+i nrJ
i 0°L i 0°L i 0°L
X5n+1 dx6 i X6n+l dx6 it X7TL+L Xenti —
0X5n+j0X3n+4i nrJ 0Xen+j0%3n+i mr 0X7n+j0%3n+i nE
i 0%L i a%L i 9%L
0 A — XM —  dxg, - X T gy —
0xj0xspy; M Oxngj0xsnes T Oxzn4j0xsnei "
i 9%L i 9%L i a%L
X3n+1 dx7 i X4-‘n.+l. dx7 i X5n+L dx7 -
0x3n4j0Xsn+4i neJ 0Xan+j0%sn+i e 0xsn+j0Xsnti e
i 9%L i 92L oL aL aL
Xxontt AXypy i — XM AxXgpyi +—dx; + ——dx,,; + dx
oL Oxen+j0Xsn+i nt a7C7an+j6755n+i nt Ox;j J axn+{3 T ax, nt
L L L L
2 g+ gy F Xy + e dXgnyj F e dXypy; = 0
0x3n4j ntJ 0Xan+j nrJ Oxsn+j e 0Xen+j nrJ 0X7n+j e
Or
X %L nei_ 0L yomei 0L wsnei O°L | yanei O°L
0xj0Xon+i 0xn4j0xon4i 0xon+j0%2ni 0x3n+4j0%2n4i 0X4n+j0%2n+i
i 9%L i 9%L i a%L aL
+X5n+l.—+X6n+l—+X7n+l—] dx]- + —dx]-
0x5n+4j0%2n+i 0Xen+j0%2n+i 0xX7n4j0%2n4i Ox;j
2 2 2 2 2
[X o°L n+i o°L + x2n+i o°L + x3n+i o°L 4 xAn+i o°L
0xj0x4n+i 0xn4j0Xanyi 0Xan+j0Xan+i 6x3n+]-6x4n+i 0Xan+j0%an+i
5n+i %L 6n+i o%L 7n+i %L
+X —+X — +X ]dxn+]+ dxn+]+
0X5n+j0%an+i OXen+j0%an+i 0X7n+j0%an+i ox
i 0L i 0L i 0%L i 0%L i 62L
[Xl n+i X2n+t + X3n+L +X4n+L
anaxi axn+]'axi 6x2n+]-6xl- 6X3n+]'6xi 6X4n+]'axi
;9% i 0%L i 9%L oL i 9%L i 9%L
+X5n+1 X6n+l. X7n+l. ] dx2n+j + dx2n+]- _[Xl n+i
0xs5n4j0x; 0xen+j0x; 0x7n4j0%; 0xan+j 0xj0Xen+i 0xn4j0Xen+i
2n+i o%L 3n+i o%L 4n+i %L
D G T €L D G a—
0X2n+j0%en+i 0x3n+j0Xen+i 0Xan+j0Xen+i
2 2 2
5n+i 9°L 6n+i 0°L n+i 9°L oL
+X —+ X —+X ———— | aXx3 +-+—d3+
0xs5n+j0%6n+i 0Xen+j0%en+i a9C7n+jaxsn+i] R nti
i 0%L i 0%L i 9%L i 9%L 9%L
_[Xl n+i + X2n+l + X3n+L + X4n+l
0xj0xnyi 0%xn4j0xnyi 0Xon4j0Xnyi 0x3n4j0Xn+i 0Xan4j0Xnyi
+X5n+i o%L + X6n+i o%L + X7n+i o%L ] X + dx
PV PV FYE 4an+j P 4n+j
azxsn+jaxn+i ) 0xj0xn4i axz7n+jaxn+i nrJ Zf’x4n+j i )
i 0°L i 0°L i 0°L i 0°L i 0°L
+[XL n+i + X2n+L + X3n+l + X4-n+L
0xj0xX7n4i 0Xn4jOX7n4i 0X2n+j0X7n4i 0x3n4j0X7n4i 0Xan4j0X7n4i
2 2 2 2 2
5n+i o°L 6n+i o°L Tn+i o°L oL i_ 0L n+i o°L
+X P P) +X P P) +X P) P) ']dx5n+]-+a 'dx5n+]- +[X 9%.0 - P P) -
Xsn+j0X7n+i Xen+j9X7n+i X7n+j0X7n+i Xs5n+j XjOX3n+i Xn+j0X3n+i
2 2 2
X2n+i 9°L +X3n+i 9°L +X4n+i 9°L

0X2n+j0%3n+i 0x3n4j0X3n+i 0Xan4j0X3n4i

(13)
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i a2L i 92L i 9%L aL i 0%L i a%L
+X5n+1 X6‘n.+l. X7Tl+l ] dx6n+j + dx6n+j _[Xl. n+i
0X5n+j0X3n4i 0Xen+j0%3n+i 0X7n4j0X3n+4i 0Xen+j 0xj0Xsn+i 0xn4j0Xsn4i
2n+i o%L 3n+i o%L 4n+i %L
X —+X +X
0X2n+j0%sn4i 0x3n4j0Xsn+i 0%an4j0Xsn+i
+X5n+iL+X6n+iL+X7n+iL] AXymsi + ——dXpy; =0
+ +j =
0xsn+j0xsn+i 0Xen+j0%sn+i 0X7n+j0Xsn+i T dxgny ) e
In this equation can be concise manner
2 2
7 xanti o°L d oL 7 an+i o°L oL
— b= X+ —dx; + Yoo X Xptj+——dx,y;
a=0 0xan+j0Xan+i 4 Ox; 1 a=0 O0Xan4j0Xan+i nJ Oxnyj ntJ
i 0%L oL i a%L
+Z7: Xan+l'—de +'+_de +i = 7: Xan+L dX3 +'+
a=0 0xan+j0X; e 0xon+j s a=0 0Xan+j0%en+i e
oL i 92L oL
——dX3pyj — Do X ————dxypyj + ——dXypy +
0x3n+j sn+J a=0 0xXan+j0xn4i ant 0X4n+j ant)
i 9%L aL i 92L
DIAND Gy SR VI R R ¢ SN N [
= 5n+ 5n+ = 6n+
a=0 0Xan+j0X7n+i i 0Xsn+j nrJ a=0 0Xan+j0X3n+i e
aL i 9%L oL
———dXgpyi — oo XA Xopsi +——dx7,i =0 (14)
dxenyj O a=0 xan+j0xsnei " dxgmyy M
Then we obtain the equations
6(6L)+ oL _ 6(6L) oL _ 6(6L) oL _ o
ot \dx;) = 0xpppi - 0t \dxp4pi/  O%amsi Ot \Bxansi/ Ox; ]
7] oL oL [7] oL oL 7] oL oL
5 Gra) * 7 = 0 (e e = 0 3t () " = O
0t \0Xan4i 0xn4i 0t \0x3n4i O0Xen+i 0t \Oxsn4i 0X7n+i
7] oL oL a oL oL
2(T)_ S g8 ( k), S (15)
0t \0Xen+i 0X3n4i 0t \O0x7n4i 0Xsn+i

Thus equations obtained in Eq(15) are called Euler-Lagrange equations structured by means of means of Cbiz on the standard
Cliffordian K cihler manifold (R®,V) and So, the triple(R®, CDZZ, &) is said to be a mechanical system on the standard Cliffordian
K dhler manifold (R8,V).
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