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INTRODUCTION

The study of the Stable Boundary-Layer (SBL) over land under fair weather conditions is of major concern in air pollution
meteorology. Most of the industrial stacks are located within this layer and hence the dispersion of air pollutants is adversely
affected by the state of the SBL (Sharan and Gopalakrishnan, 2003). The mathematical modelling of the SBL has encountered
difficulties in several aspects, mainly because of either the low intensity of the turbulent energy and phenomena such as
meandering, which happens when the mean wind velocity approaches zero. In fact, dealing with turbulence and atmospheric
dispersion studies, low wind speeds are generally considered the most critical conditions. Under low wind conditions, horizontal
diffusion is enhanced due the meander and the resulting ground-level concentration is generally much lower than that predicted by
traditional techniques, becoming their application limited and (Oettl et al., 2001; Anfossi et al., 2005). Turbulent dispersion of
scalars is probably best understood in a Lagrangian framework as first suggested by Taylor’s statistical theory of dispersion in
homogeneous turbulence (Weil et al., 2004). Lagrangian particle models are an important and effective tool to simulate the
atmospheric dispersion of airborne pollutants. These models are based on the Langevin equation, which is derived from the
hypothesis that the velocity is given by the combination between a deterministic and a stochastic term. The main advantages of
these models in relation to the other techniques (similarity or gradient-transfer theory) are the simplicity, flexibility and the ability
to incorporate temporal and spatial variations in turbulence properties (Luhar and Britter, 1989; Shankar Rao, 1999). As a
consequence, important features of flow and turbulence fields (such as the vertical profiles of wind speed, standard deviation and
higher order moments of wind speed fluctuation) can be included in the model, thus allowing a more accurate simulation without
consuming excessive computer time.
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Currently, the search for analytical solutions for the dispersion problems is one of the main research subjects in the pollutant
dispersion modelling. These solutions become important due to the intention to obtain dispersion models that generate reliable
results in a small computational time to be used in regulatory air pollution modelling. Analytical solutions, being the influencing
parameters explicitly expressed in a mathematical closed form, allow in general a deep sensitivity analysis over model parameters.
Moreover, computer codes based on analytical expressions in general do not have prohibitive computational resources.

In this work a Lagrangian particle model is proposed to investigate the contaminant dispersion in stable conditions. The model is
based on the methodology proposed in three recent papers by Carvalho et al. (2005 a,b; 2013), which solves the Langevin
equation, in semi-analytical manner, by the Method of Successive Approximations or Picard’s Iterative Method. The novelty of
this work relies on the consideration of the Eulerian autocorrelation function suggested by Frenkiel (1953) and Murgatroyd (1969)
in the equations of the turbulent velocities. The autocorrelation function suggested by Frenkiel (1953) and Murgatroyd (1969)
generates a negative lobe for the horizontal wind components attributed to the meander. By considering this formulation, it is now
possible to show the aptness of this method to simulate the pollutant dispersion in the SBL during low wind and higher wind
speeds, setting the value of the parameter associated with the characteristic period of the oscillation due the meander. The
proposed approach is called Iterative Langevin Solution (ILS). To evaluate the ILS approach, the data collected during
the stable conditions conducted at the Idaho National Engineering Laboratory (INEL) (Sagendorf and Dickson, 1974) and during
stable Prairie Grass tracer experiment (Barad, 1958) have been used. The paper is outlined as follows: in section two we present
the Iterative Langevin Solution, in section three we show the turbulent parameterisation, in section four we report the results and
in section five we present the conclusions.

Iterative Langevin Solution (ILS)

ILS is an alternative numerical solution for the Langevin equation, which consists in an iterative solution by the Picard Method.
Based on this numerical solution, the contaminant dispersion consists in the linearization of the Langevin equation as stochastic
differential equation:

du
—+ [l =g(1)
dt : (1)
frer
which has the well known solution in terms of the integrating factor ¢°

oL [ £ - (2)
U=— J.g(t )e’ dt
[raar 5,
oo

In order to embody the low wind speed condition in the Langevin equation, it is assumed that U and 1 are complex functions
written as:

U=u+iv (3)
and
f(t)=p+iq, )

where ¥ and V are the real and imaginary parts of u , respectively, and P and 9 are the real and imaginary parts of 1 ,
respectively. Therefore, the exponentials appearing in Equation (2) reads like:

L 1 1
[f@)ar _
eto — ept+1qt (5)
Applying the Euler formula, Equation (2) becomes:
U = e P'[cos(qr) +isin(qt)|[u(0) + iv(0)]+
e P'[cos(qt)— isin(qt)].[[ g(t{l}dt
1o e P! [cos(gqt ) —isin(qt )] ) (6)

Multiplying the Equation (6) by the complex conjugate and performing the multiplications, we can obtain

U = e P [cos(gt) + isin(gt) |[u(0) + iv(0)] + }g(t')e_p('_"){cos[q(t — )]~ isin[g(e — )]t
0 (N
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!
Considering =01 =7 e can write the Equation (7) as

U = e P [cos(gt) +isin(gt)[u(0)+ iv(0)]+ jg(t')e_’” [cos(gt)—isin(gr)dr
fo (®)

In order to determine the wind direction we recast equation (8) like:

U =e 7' cos(qt)u(0)+ f[g(t')eﬂvT [cos(gt)|dt + e 7" sin(qt)v(0) - f[g(tl )efpr [sin(gr)Jar
0 o ; )
where by comparison with Equation (3) we have

1

u=e"" cos(qt)u(0)+ ig(t'){m [cos(g )|t

b (10a)
and

t il '
v=e""sin(qt)v(0)- jg(t )6pr [sin(g)]dr

o _ (10b)

The Equation (9) is a non-linear stochastic integral equation, which must be solved iteratively. The method applied to solve the
Equation (9) is the Method of Successive Approximations or Picard’s Iteration Method (Boyce and DiPrima, 2001), assuming that
the initial guess for the iterative approximation is determined from a Gaussian distribution. Bearing in mind the isomorphism
between the complex and real planes, we promptly realize that the low wind expression given by Equation (9) is described in the
complex plane. This procedure allows to determine the low wind direction, using polar form. For such, we rewrite Equation (9)
like

0

>

U=vu?+v*e
(11

where 0 is the low wind direction relative the x-axis

0= arctan(lj
u (12)

.. . . e [cos(q‘c)] . .
Now, giving a closer look to the real component of the Equation (9), we realize that is analogous to the Eulerian
autocorrelation function suggested by Frenkiel (1953, p. 80) and written in a different way by Murgatroyd (1969). Therefore, p
and 7 are given by

1 g= m
(m* +)T (m*+1)T

and

where T is the time scale for a fully developed turbulence and ”* is a non-dimensional quantity that controls the meandering
oscillation frequency. The autocorrelation function suggested by Frenkiel (1953) and Murgatroyd (1969) generates a negative lobe
for the horizontal wind components attributed to the meander. Following Anfossi er al. (2005), it is important to notice two

important situations. When 7 > 0 , the dispersion in the SBL is under meandering effect, which occur during low wind conditions.

In this case, Equation (9) is written in terms of the Frenkiel (1953) and Murgatroyd (1969) autocorrelation function. When 72 = 0 ,
the meandering effect is eliminated, that is the mean wind velocity in the SBL is over than 1.5 — 2.0 ms™". In this case, Equation (9)

is written in terms of the exponential form of the autocorrelation function (€ o ), which Lagrangian particle models usually make
use when windy conditions are present. Therefore, ILS approach (8) is able to simulate the contaminant dispersion in the SBL in
both cases, that is when the plume evolution is governed by small-scale eddies and exhibits a ‘fanning’ kind of behavior (typical of
windy conditions) and when the plume evolution is governed by large eddies with length and time scale larger than the plume
width, causing an undulation (meandering) in its evolution (typical of low wind conditions).

For applications, the values for the parameters /” and 7 are calculated by the empirical formulation suggested by Oettl and
Anfossi (2005):

8.5
m=———=
(1+U)* 13)
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T = 200m + 500 (14)

and
mT

C2n(m? +1) ’ as)

where U is the mean wind velocity. As the turbulence is considered Gaussian in the horizontal direction, the function g(t) can
be given by:
1/2
. 10c? 1 [ éc? 2672 :
gt)=>—"t+ Sl g
' ’ , (16)

2 . L
where O is the turbulent velocity variance, TL is the Lagrangian time scale and & is a normally distributed (average 0 and

variance 4! ) random increment. For the vertical component, we solve Langevin equation by the ILS approach as suggested by
Carvalho et al. (2005b).

Turbulence Parameterisation

The present application considers the turbulence parameterisation scheme suggested by Degrazia ef al. (2000). Accounting for the
current knowledge of the Planetary Boundary Layer (PBL) structure and characteristics, the authors derived parameterisations for

2
turbulent velocity variance (Gi ) and Lagrangian decorrelation time scale (TLI' ):

22326 (07 ul

o ©)
and
. = 0.059z
Gt 6. e (10)

_ 3
where 7 is the stable PBL height, s s the local friction velocity, ¢ = (exz)/u, is the nondimensional molecular dissipation

*
rate functions, € is the dissipation rate of turbulent kinetic energy, ()i is the reduced frequency of the spectral peak and

¢; = a0, (2mc) 7> =0.5+0.05 ., a,=14/3,4/3

with %u nd for ¥,V and W components, respectively.

RESULTS

The ILS is now evaluated considering the situations of low wind conditions (meandering) and windy conditions (non-meandering)

for the contaminant dispersion. For this purpose, the model results are compared with the fields tests conducted at the Idaho
National Engineering Laboratory (INEL) (Sagendorf and Dickson, 1974) and Prairie Grass stable experiment (Barad, 1958). When

simulating low wind conditions the horizontal turbulent components are given by Equation (9) with ” and T given by Equations

(13) and (15) and when simulating wind conditions the horizontal turbulent components are given by Equation (9) with 7= 0.
For the simulations, the turbulent flow is assumed inhomogeneous only in the vertical and the transport is realized by the
longitudinal component of the mean wind velocity. The horizontal domain was determined according to sampler distances and the
vertical domain was set equal to the observed PBL height. The time step was maintained constant and it was obtained according to

AtZTL/C TLu ’TLV’TLW

the value of the Lagrangian decorrelation time scale ( ), where TL must be the smaller value between
and € is an empirical coefficient set equal to 10. The concentration field is determined by counting the particles in a cell or

imaginary volume in the position BV 2 The integration method used to solve the integrals appearing in Equations (8) was the
Romberg technique.

Low wind Condition
The data utilized to evaluate the performance of the model are constituted by a series of diffusion tests conducted under stable

conditions with light winds over flat, even terrain: results are published in a U.S. National Oceanic and Atmospheric
Administration (NOAA) report (Sagendorf and Dickson, 1974).
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Because of wind direction variability, a full 360° sampling grid was implemented. Arcs were laid out at radii of 100, 200 and 400
m from the emission point. Samplers were placed at intervals of 6° on each arc for a total of 180 sampling positions. The receptor
hieght was 0.76 m. The tracer SF¢ was released at a height of 1.5 m. The 1 h average concentrations were determined by means of
an electron capture gas chromatography. Wind measurements were provided by lightweight cup anemomenters and bivanes at the
2,4, 8, 16,32 and 61 m levels of the 61-m tower located on the 200 m arc. Table 1 shows the meteorological data utilized during
the experiments that were used for the validation of the proposed model. Wind speeds at levels 2, 4, 8, 16, 32 and 61 m were used

to calculate the coefficient for the exponential wind vertical profile. The roughness length utilised was %= 0.005 m (Brusasca et

al., 1992; Sharan e Yadav, 1998). The input parameters L and "* were not available for the INEL experiment but can be
approximate roughly. Then, the Monin-Obukhov lenght can be written from an empirical formulation (Zannetti, 1990):

_ 2
L—llOOu*' (11)
The friction velocity is obtained by the expression:
oo = hu(z,)

In(z,/z,) , (12)
where “r ~2m (reference height) and k s the von Karman constant (- 0~4). To calculate / (the stabel PBL height), the

- \1/2
relation # = 0.4(u-L/ 1) was used (Zilitinkevich, 1972), where Us i the friction velocity and Je is the Coriolis parameter.

The model performances are shown in Table 2 and Figures 1 and 2. Table 2 shows the result of the statistical analysis made with
observed and predicted values of ground-level centerline concentration. Figure 1 shows the scatter diagram between observed and
predicted concentration. Figure 2 shows a quantile-quantile plot where the distribution of predicted and observed values are
compared. In this figure the data are ordered by rank, so for instance the quantile of the predicted concentration is plotted against
the same quantile of the observed concentration (Olesen, 1995). In this sense, this plot permits to compare the frequency
distributions of predicted and observed data. The statistical indices are suggested by Hanna (1989):

Table 1. Meteorological data measured during the INEL experiment

run  u+(ms’) L (m) h (m) U(Q@2m) U (4m) U(@m) U(16m) U (32m) U (61m)
4 0.047 2.40 13.40 0.7 1.2 999 1.5 0.9 2.1
5 0.053 3.14 16.38 0.8 0.9 1.2 22 3.0 2.1
7 0.040 1.77 10.64 0.6 0.9 0.4 0.5 0.9 2.4
8 0.033 1.22 8.09 0.5 0.8 0.6 1.2 1.6 2.7
9 0.033 1.22 8.09 0.5 0.8 0.9 1.6 22 2.7
10 0.073 5.93 26.40 1.1 1.7 2.1 32 4.7 3.1
11 0.093 9.60 37.91 1.4 1.9 2.3 2.9 999 3.6
12 0.047 2.40 13.40 0.7 1.1 1.1 1.6 1.6 1.9
13 0.067 4.90 22.88 1.0 1.6 2.0 3.0 4.0 6.0
14 0.067 4.90 22.88 1.0 1.5 2.0 3.5 5.1 7.1
200 T T JE. B B B
180 |- ]
L /l n <
160 | K i
140 | -
120 i
S, 100 | e
o s S 0w ISR
L ll - n ”’,’ ..._
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Figure 1. Scatter diagram between observed (C,) and predicted (C,) ground-level centerline concentration during INEL experiment.
Dashed lines indicate factor of 2, dotted lines indicated factor of 3 and solid line indicates unbiased prediction
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NMSE=(C,-C,)*/C,C,
FB=(C,~C,)(0.5(C, +C,))

FS=2((50 —Gp)/((io +c5p)

Table 2. Statistical evaluation considering the model simulations for low wind and windy conditions

Model NMSE FB FS R FA2

ILS (low wind condition)  0.11 0.11 -0.16 0.94 0.77
ILS (windy condition) 0.39 -0.06  -0.18 0.81 0.95

200 ————1————T——T——T——T————7—

180 |- ]
160 |- i
140 |- i
120 | ]

100 |- -

C, (ugm)

80 |- - E
60 |- ] 4
40 B

20 _

0 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200

C, (ngm?)

Figure 2 - Model perfomance in terms of quantile-quantile considering low wind condition.

Solid line indicates unbiased prediction

Table 3. Meteorological data measured during the Prairie Grass experiment

run L (m) h (m) s(ms™) U (ms™)
13 34 23 0.09 3.9
14 1.6 12 0.05 3.7
17 48 131 0.21 3.8
18 25 92 0.2 4
21 172 333 0.38 6.4
22 204 400 0.46 7.7
23 193 358 0.39 6.5
24 248 400 0.38 6.3
28 24 81 0.16 32
29 36 119 0.23 43
32 8.3 43 0.13 3.6
35 53 147 0.24 43
36 7.8 36 0.1 2.8
37 95 216 0.29 5
38 99 217 0.28 4.8
39 9.8 48 0.14 3.6
40 8 39 0.11 3.1
41 35 117 0.23 4.4
42 120 275 0.37 6.3
46 114 257 0.34 5.8
53 10 54 0.17 43
54 40 128 0.24 45
55 124 279 0.37 6.3
56 76 194 0.29 5.1
58 6.4 35 0.11 34
59 11 51 0.14 34
60 58 166 0.28 5

(Normalized Mean Square Error)

(Fractional Bias)

(Fractional Standard Deviation)

R=(C,-C,)C,~-C,)/o,0

FA2 = fraction of the data for which

P (Correlation Coefficient)

< <
05< Cp/Co <2 (Factor of Two)
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Figure 3 — Scatter diagram between observed (C,) and predicted (C;) ground-level crosswind integrated concentrations for the Prairie
Grass experiment. Dashed lines indicate factor of 2, dotted lines indicated factor of 3 and solid line indicates unbiased prediction
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Figure 4 - Model perfomance in terms of quantile-quantile considering windy condition.
Solid line indicates unbiased prediction.

where C is the analyzed quantity (concentration) and the subscripts "o" and "p" represent the observed and the predicted values,
respectively. The overbars in the statistical indices indicate averages. The statistical index FB indicates if the predicted quantity
underestimates or overestimates the observed one. The statistical index NMSE represents the quadratic error of the predicted
quantity in relation to the observed one. The statistical index FS indicates the measure of the comparison between predicted and

. .. . . . . S< <
observed plume spreading. The statistical index FA42 provides the fraction of data for which 05<G,[Cp 2. As nearest zero are

the NMSE, FB and FS and as nearest one are the R and F/A2, better are the results. Giving a look at the results we promptly can
observe that the ILS simulates quite well the experimental data when low wind occurs. The statistical analysis reveals that all
indices are within acceptable ranges, with NMSE, FB and F'S values are relatively near to zero and R and F42 are relatively near to
1. It is important to say that these results are comparable or even better than ones obtained by other authors with different models
(Sagendorf and Dickson, 1974; Sharan and Yadav, 1998; Oettl et al., 2001; Moreira et al., 2005). From the quantile-quantile
analysis, it is possible to observe that the model behaviour is quite acceptable.

Windy Condition

Prairie Grass dispersion experiment was carried out in O'Neill, Nebraska, 1956. The tracer (SO,) was released without buoyancy
at a height of ~ 0.5 m and collected at a height of 1.5 m at three downwind distances (50, 200 and 800 m). The Prairie Grass site
was quite flat and much smooth with a roughness length of 0.6 cm. We present here the results for 27 stable runs, for which the
condition #/2>0 is satisfied. The micrometeorological parameters recorded during the dispersion experiments are summarized in
Table 3, based on the paper of van Ulden (1978). The wind speed profile is parameterized following the similarity theory of
Monin-Obukhov and OML model (Berkowicz et al., 1986). The model performance is shown in Tables 2 and Figure 3 and 4.
Table 2 shows the result of the statistical analysis made with observed and predicted values of ground-level cross-wind-integrated

concentration (). Figure 3 shows the scatter diagram between observed and predicted .



10378 Jonas C. Carvalho et al. A semi-analytical lagrangian model to simulate the contaminants dispersion in the stable boundary-layer

Figure 4 presents a quantile-quantile plot where the distribution of predicted and observed values are compared. Analysing the
statistical indices in Tables 1 it is possible to notice that the model simulates quite well the observed concentrations, with NMSE,
FB and F'S values relatively near to zero and R and F42 very close to 1. The quantile-quantile plot reveals that the model presents
a tendency for underestimate the highest concentration values.

Conclusion

In this work a semi-analytical model is proposed to investigate the contaminant dispersion in stable conditions. The model is based
on the solution of the Langevin equation throught the Method of Successive Approximations or Picard’s Iterative Method. The
novelty in this work is the consideration of the Eulerian autocorrelation function suggested by Frenkiel (1953) and Murgatroyd
(1969) in the development of the equations for the turbulent velocities. By considering this formulation, the model is able to
simulate the dispersion in the SBL during low wind conditions or during higher wind speeds, depending of the parameter

associated with the characteristic period of the horizontal oscillation due the meander (" ). In this new approach, when 7 > 0 the
dispersion in the SBL is under meandering effect, which occurs during low wind conditions. In this case, the model is written in
terms of the Frenkiel (1953) and Murgatroyd (1969) autocorrelation function, which generates a negative lobe in the horizontal
velocity components. When 7=0, the meandering effect is eliminated, and the application of the model is limited to highest wind

situations (#>2.0 ms™). In this case, the model is written in terms of the exponential form of the autocorrelation function (e_’/ "),
in which the Lagrangian particle models usually make use when windy conditions are present. Therefore, low wind conditions are
completely different from the more general case of moderate and strong winds (Anfossi et al., 2005). In this sense, the ILS
technique is here suggested for the appropriate treatment of the pollutant dispersion in both conditions. Giving a closer look to the
results reported in Tables 2 and Figures 1 - 4, we promptly realize that the ILS model gives good results. In the particular case of
light wind stable conditions, the model results are better than ones obtained in other works. The statistical analysis reveals that all
values for the indices are within ranges that are characteristics of those found for other state-of-the-art models applied to other
field datasets. The quantile-quantile analysis show good results, mainly for the dispersion simulation during low wind conditions.
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