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INTRODUCTION

The classical result of G.Hardi and D.Littlewood (1928, see [1, §3]) is known that the fractional integral
—1 -1 A
(I e f XX)ZF (O!)(Z‘f * f XX), 0 < <lmaps isomorphically the space 1, ([0, 1]) of Hélder order A e (0, 1) functions

with a condition f (0): 0on a similar space of a higher order A+ provided that A+a <1. Further, this result was

generalized in various directions: a space with a power weight, generalized Holder spaces, spaces of the Nikolsky type, etc. A
detailed review of these and some other similar results can be found in [1].

In the multidimensional case, the statement about the properties of a map in Hoélder spaces for a mixed fractional Riemann —
Liouville integral was studied in [2] - [9].

dtdr
]O‘+B+q) x,y)— (t T) —, XA, V>C, e @)
( 0+,0 X 1—\( )F(B) J.J‘ —T)l B
Mixed fractional derivatives form Marchaud ([7]-[9])
<p(x y) <p(t 7)
didt, 2
(- a)r(l “Bi | I RO *

where x > 0, y > 0, were not studied either in the usual Holder space, or in the Holder spaces defined by mixed differences.

Meanwhile, there arise “points of interest” related to the investigation of the above mixed differences of fractional derivatives
form Marchaud. For operators (1) in Holder spaces of mixed order there arise some questions to be answered in relation to the
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usage of these or those differences in the definition of Holder spaces. Such mapping properties in Holder spaces of mixed order
were not studied. This paper is aimed to fill in this gap. We deal with non-weighted spaces.

Consider the operator (1) inarectangle 9 = {(x,y): 0<x<b,0< y <d}.

For a continuous function ¢(x, y) on R* we introduce the notation

A cpj(x, Y)=0(x+h,y)—9(x,), (An (Pj(x,y) =0(x,y+n)—o(x, ),

1,1
Any cpj(x, V=0x+hy+n)—(x+h,y)—o(x,y +1)+@(x,),s0 that

O(x+h,y+1) = (A cpj(x, )+ (Ah q>j<x, »)+ (A’n cpj(x, )+ 0(x, ).

Everywhere in the sequel by C,C,,C, etc we denote positive constants which may different values in different occurences and
even in the same line.

Definition 1. Let ),y € (0,1]. We say that ¢ € H ’~~V(Q), if

|(p(x1,y1)—(p(x2,y2] < C1|x1 —x2|k + C2|yl —)/2|y ............................... 4)

for all (x1 I ), (xz Vs ) e O . Condition (4) is equivalent to the couple of the separate conditions

2 0,1 v
: ‘(An cpj(x,y){ <G|

1,0
(Ah (pj(x,y){ < C1|h

uniform with respect to another variable.

By H,"(Q) we define a subspace of functions f € HS’V(Q), vanishing at the boundaries x = 0 and y = 0 of 0.
Let .= 0 and for y = 0. We put H*(Q)=L7(0) ana

H(0)= {(p e L°(0): ‘[A @j(x,y)1 < cllhl‘}, L e (0,11,

(()Aln (p](x,y)( < c2|n|v}, y € (0,1].

Definition 2. e say that P, y) € H""(Q), where 2.y < (0.1]. if

olv3)<H(Q) wa &, cpj(x,y){ B “

We say that @(x, y) € H"(0), it @(x, ) € H**(Q) and o(x, Pico, yo0 =0
1,0
(Ah (pj(xa y*

0,1
(An (Pj(xsy)(
oo =[ 0o+ sup sup T A v

%, x+hel0,b] ye[0,d] xe[0,5] v, y+nel0,d] m’

H"(Q)= {(p e L"(0):

These spaces become Banach spaces under the standard definition of the

|

>
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(XM cpj(x,y)(

”(P”mv = ”(P”H;u,y + sup sup

x,x+he[0,b] y,y+ne[0,d] |h|x|n|y
Note that
dxy)eH" = ‘(Xm cpj(x, y){ <G forany 00,11, ©)
where Cg ZZCfC;‘e, so that
N H*MQ)u H(Q) JH(Q) )
0<0<1

. . r760.,(1-0 . . .
where . stands for the continuous embedding, and the norm for ﬂ H (=0 (Q) is introduced as the maximum in & of norms
0<6<1

761, (1-0 . . . .. . . . .
for H (1-0)y (Q) Since 0 € [0,1] is arbitarary, it is not hard to see that the inequality in (6) is equivalent to

A
’

ul } ................................... (8)

‘(Xh,n (pj(x, y* <C min{|h

Mapping properties of the mixed fractional integration operator in Holder spaces.

Theorem 1. Let (p(x,y) e Hﬂ’y(Q), OSX,, ]/Sl 0< a, ﬂ <1. Then for the mixed fractional integral operator (1) the

representation

(18,0, v)=
holds, where

o ] R e AN AR

(0,0) o 5 p x*
(1 +(pa)r(1 )7 ’ ﬁ wilo)+ (1+a)

U,(0)+w(x,y) ©)

1 9(0.5)-(0.0¢)
! by

(3,.0)0.0)

1 x ¥
‘I’(st’)z F(OL)F(B)'([ .([ (x—t)l_“(y —s)l_B dtds »
and
|\|11(xX <Cx", |\|/2(y)( <SGy (10)
ly(x, ) < Cmin x @O P00 = Ox )P min {x”, Y } ................................... (11

0<0<1

A, . o . .
Proof. Representation (9) itself is easily obtained by means of (3). Since (PEH Y(Q), inequalities (10) are obvious. Estimate
(11) is obtained by means of (6) and (8).

A,
Theorem 2. Let 0 <A,y <1. Then the mixed fractional integral operator Igfm is bounded from Ho y(Q) into
A
HOW’HB(Q), fA+a<landy+B<1.

Proof. Since (p(x,y) € Hg ! (Q), then by (9) we have

(128 o). y)=w(x.»).

We denote
11

glx,y)= (Ax, y (Pj(oa 0) (12)
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for brevity. Note that

(A , @](0,0 )=lx.y)

A
for eH ’Y, but we prefer to keep the notetion for & (X, y) via the mixed difference as in (12). By (6) we have
lg(x,y) < Cx -0 < min{xx, ! } ................................... (13)

For 1 >0; x, x+ he Q, =[0,b], we consider the difference

(x hy) (y) (a)r(B)(J.hJ‘ (t+h)lonl[jdd

[ t h) —
‘JJ g(xlmlyB _Letn) ng(x,v do s
0 0 r (x’ + I)F(B) 0
j)‘ J gx_t’y_s)_g(x’y_s)dtds+
h (tJrh)l_msl'[3
P ogla—ty—s)-glay-s)p v alyg -
F@Jﬁ3££ 5 km%)l—tlpms_A+A2+%. ................................. (14)
Since V@ e [0,1] , we make use of (13) with 0=1 and obtain
A, | < ka‘(x +h) = x* < Ch*™*.
For A, in view of (6), we have
11
|g(x —t,y— S)— g(x,y - S)| = ‘(A—t,y—s (pj(x,O){ < C|t|k,
.................................... (15)
and then A2 <CH™.
For 2\ by (15) and (6) we obtain
A, < Cjt” 7 —(¢+h) T dt < Ch, C, = '[tx 7 —(t+h)dt <0
0 0

Gathering the estimates Al s A29A3 we obtain

wlx+h,y)—ylx,y) < C i,

Rearranging symmetrically representation (14), we can similarly obtain that
Py

e,y +n)=wlx, y) <G

Which proves the theorem.

Theorem 3. The mixed fractional integral operator 1 g ;’ﬁo + IS bounded from the sapce Hé ’Y(Q), 0<A, Y <1 into the space
H Q) if h+a<l and y+8 <1.
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Proof. Let (p(x,y)e H g Y(Q) By Theorem 2 and embedding (7), for f (x, y):(l 04.0 +([)X)C y it satisfies to estimate the

1Ll
difference (Ah,n f)(x,y). Since (p(x,y)(xzoﬂ =0 =0, according to (9) we have f(x,y)=y(x,y), where y(x,y) is the

function from (9). the main moment in the estimations is to find the corresponding splitting which allows to derive the best
information in each variable not losing the corresponding information in another variable. The suggested splitting runs as follows

(Zh,n f)(x,y) (Ah n\uj X,y :Z_:E‘

el e il e T (el feler) go)
'_gl"()l/+a) (1+B [y 1”I ] 13}( T1]"(1+)[; J;g (zi}h)lg :

dt +

L Gorn) —a Tg(x,y—S)—g(x,y)dH
F((x+l)F(B)7 (s+n)1_B
+ (y(;;ﬂ)(ﬁﬁ__ii)_([ [ (x—t,y)—g(x,y)][(t+h)a_l _tail]dt'i_
(x+h) —x* ¢ 4 g
+W£ [e(xoy—s)— gl y)(s +mf " = 5" s +

1 x 0
e | e
+F(oc;1“([3)§ I (X—“-ng(x,y)[(h”)“l—f“"][(s+n)ﬁl—sﬁ“]dtds,

where A, > 0; x,x+ he[0,b], y,y+ne[0,d] and g(x, y) is the function from (12). The validity of this representation
may be be chacked directly.

Since (o(x,y)e H(f’y,we have

1,1
|g(x,y) = ‘(Ax, v (pj(0,0* SCXM YT, (16)

and then
‘Tl‘ < kal(x+ h) —x“lyyl(y +nf —yBJ,

0 n
)
n)<cv|(y+nf —yﬁ]f—t +||h)1a dt,

1 < (o + m - ]j

dt ,

< orleny =3 e ny =
0
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ITy| < Cxx[(x+ h) - x E

1 ‘

For ]g _]; we similaryly, make use of

(Zz, s gj(x, y){ = ‘(X,, - (pJ(x, y){ <A, (17)

and obtain

A |
I,|<C d d.
| 6| '[, (h+t)1—a t.[] (S+n)1—ﬁ S,

0 r y
|T7| < CI T J|rt|t)1°‘ dt-([ s'|(s+m )" —SB"I‘ds ,

0 v

T|<C t+h 7' \dt La’s,
d I fevir In (s+n)”

|T9| < CJ th‘(h ) ! dt]‘ s'(s+m)f " - S‘H‘ds
0 0

after which every term is estimated in the standard way, and we get

1,1
(Ah,n fj(x,y)( <G (18)

This completes the proof.

Mapping properties of the mixed fractional differentiation operator in Hélder spaces.

A
Theorem 4. Let f(x,y)eH ’Y(Q), ()L<7\,S1,B<YS1. Then for the mixed fractional differential operator (2) the

representation

(Dgfmex,y): ! {C&OJ’/S) + Wl(ﬁx) + Wzgy) + \u(x,y)] .................................. (19)

F(l—(x)F(l—B) y b

and
|\|/1(x)| <Cx"°, |\|f2(y)| <Gy P, e enn e e e 00 (20)
|\|/(x, y)| SCYTYTP 1)
where
v () = (xO) /(0.0), jf(xO) /(0)
1 )(x+1 2

A ) /(0,0) f(Oy /(0.7)
v, ()= " Bj e C

1
— Ax} OO AXI) 0 1+0
y(x, ) = y( fj( )+ Bj( fj(t Y ) *

£V X211 dtdt
= '([[Axy Tfj(() ‘E)( - )HB +OLBIJ.(Ax ty-1 j(t,r) (x_t)1+a(y__c)1+[3 .

Proof. Representation (19) itself is easily obtained by means of (3). Since f e H ™7 (Q ), inequalities (2) are obvious. Estimate
(21) is obtained by means of (6) and (8).



27726 International Journal of Development Research, Vol. 09, Issue, 05, pp. 27708-27719, May, 2019

Theorem 5. Let f(X, y) € HOM(x,y+B (Q), a<A<l, B <Y<1. Then the operator Dg;{(}pr continuously maps H3+a,y+ﬁ (Q) into
A,

Hy(Q).

Proof. Since f(x,y) € Hém’HB (Q), by (19) we have

olx,)=(D%, £ N, ¥)=w(x.y).

By (6) and (8) we have
11
(Ax,y fj(0,0)( < OO0+ 1-0)r+h) < min{x““,y”B } ................................ (22)

Let # > 0; x,x + h €[0,b]. We consider the difference

e+, )= w(x, v)= (il;(yxij;(l(;QO)Jr(Ay f}(OO)[( 1 i _%}F

y x+h) x
(A fj(x,o) (A fj(z,o) : (A - fj(o )
S P oy o
s - _ y[mej(o )
+F£(AV tyfj(t Ofc+h—t) e~ (x—s)" “]dt+[3[(x+h)°‘—x“].(|: e
vy (Ah vt j(x t)dtdr wih v [X)Hrht,y‘r fj(x,t)dtdr
vl Lo et
. [A fj(x,r)
+0€B_([ .E 1) [(x+h—f)+a—(x—t)flfa]dta’t. ................................. 23)

We make use of (22) with © = 1 and obtain

A+a X
‘w(x+h,y)—w(x,y}gc{( h +x}‘+a|: 1 _i}_i_hxm‘[%_,_

x+h) (x+n) x*

4= e e e = H 2

X 0

For @, we have

q>1=clh*( h j <Ch"
x+h

Let’s estimate &,. Here we shall consider two case: X< h and x>h. In the first case, we use inequality

(01 # 62) and obtain

i 0 B
‘01 —02‘S|61—02 ,

Aga
o, <c 2N

"(x+h)

in second case, using (1 +Z‘)a —1<ot, £>0 we have

< Ch",

A+o— lh

D, <C = < Ch*.

1(x+h)

For CD_; we have:
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¢ dt
@, <Ch"*|——— < Ch".
3 1 ;|).(t+h)l+a
Forq)4

x+h

®,=C, [(x+h—t)"dt=Ch".

For CD5

}Lx/h x| 1 1 |
O, = Clh J. t |(1+t)l+a - e
0

Gathering the estimates for @ P k= 1,_5 we obtaint |\|f(x + h,y)— \u(x,y)‘ <CH .

dt < Ch™.

Rearranging symmetrically representation (12), we can similarly obtain that |\|I(x, y+ T]) - w(x,yx < CT]Y .

Theorem 6. Let f(x,y) € ﬁgm’erﬁ (Q), <AL B<y<L]1. Then the opemtong;{(}H continuously maps ]?Igm’“B(Q)

into ]‘NISLY(Q)

Proof. Letf(x,y)e ]‘NISLW’HB(Q) Then we have (p X y (Dg+ﬁ0+ Xx y x y where \|1(x y) is the function from

(9). The main moment in the estimations is to find the corresponding splitting which allows to derive the best information in each
variable not losting the corresponding information in another variable.

Let h,n >; x,x+ h e[0,b], y,y+n €[, d]. We consider the difference

(BvJun)=3. - (o (Bt ](X’O)[l -

A : -
Y = G Gra)

»o(y+nf
Avn £ 1(0,)
%[L e N CE P v il
B (Afjmd I (V) %9

O R e L PN Y (s

|: 1 1 :|Y+T] (Ax, y+n-t fj(O,r)

. (y + n- ’C)HB

dt+

dt +

B (W 1 1
+ (x " h)a -(').(Ah, vt f (X’T){(y - r)”ﬁ (y e r)”ﬁ :|d’t +

11
x+h [Aﬁh—t,n fj(t’ y)

y+n—r)1+B (y+n)B | (x+h—t)l+a

1 1 Ty 1 1
- - Ax,v—‘c 0, - d
+B e (x+h)u 2[( 3 fj( T){ylﬂa (y+n)1+[3} T+

dt +
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E[Ahnfj(x ») &_( 1 Th[xﬁh,,yfj(z,o)m

dt
y+T]B x+h—t)" T y+nf (x+h—1)*

L 1 1
A, t,0 - dt
y f)( {(x _ t)l+a (x+ h— t)l+a:| +

(Zh,n fj(x,y)dtdr

(x+h —t)1+“(y+n

1,1
+n [Ah y+n-t fj(x,'f)dtd'f
'!: X+h 1+ay+n_T)I+B

x y
+[ ] +
(U]

X
1+B +I
0

dtdt +

o | Anye f|(x7)
] ((m—?f” o G

1,1

x+h v [Aﬁh ) fj(t J’)dtd'c x+h y+n [Aﬂht,wnr fJ(taT)dth
+ _[ j 1 1+ + 1-+o 1+B
Vo rh=) (=0 L e h=) (v -1

1,1
x+h ¥ (Ax+h—t,y—r fj(t,'f)|: 1 |

I o o

ﬁ(“”’]‘ >[ S

y+n—r (x—z‘)1+0L (x+h—t)l+°L

+

}dtdr +

1,1

A t,y+n— Tfj(t T)" 1 1

y+n L(x—t)”m_(erh—t)1+m

Y e )[(x_lt)““‘(x+h1_t)l+“}[(y-lr)“ﬁ‘(y+n1_r)l+ﬁ}dfd’~"

The validity of this representation may be checked directly. Since f (x,y) € Hg ke (Q) , we have

5 x’ - - (04 + oL B +
SRSk Br<Tht (x+h)(y+n)B G+h)y | (+nf

St

}dtdr +

<yx+nn) F& o hﬂyFﬁ}[fﬁ}
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hx ry+m B B ny‘ dt N 1 1 y+n v 1-p
R e — — d
Ry [oreen AR P ey ol E GO A

el e e o

+x an[x—a—( +h) }I Gone (y+n)ﬁxr’x+h_zm-adt+
HKBL%_( AT }I(y { E +1n)1+ﬁ}dr+
el [ g [l s
Sl Gl e

1

[e——
—~

dt +
t)l+(x:|

YI” h*dtdt
! (x+h—t)l+“(y+n—r

dtdt

+a +
)" (y+n-1

x v X
o e ] i

+x )] L - L tdt +
I (e

1,1

1,1 s
(Ax+h—l,n fj(t,y)dtdt x+h y+n (Ax+h—t,y+n—‘r fj(l‘,’t)dtd’t

y
'([(xﬁth—t)lm(y+n—7:)“B i (x+h—t)l+°‘(y+n—r)1+B

x y

+

— ! }dtdt +
Vo =) (=) (yem-1)?

1 1
v —’E)HB |:(x_t)1+a - (x+ h_t)l+cx

}dtdt +

dtdt +

I
{ e (Hh—f)”a}

+I E(x-t)* (y—r)y{(x _lt)m e hl_ ez }{ . _lr)lm ) (y+n1—f)”B }dtdc} |

After which every term is estimated in the standard way, and we get
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1,1
(Ah,n (pj(x,y* <Ch'm'.

This completes the proof.
Main theorem. The mixed fractional integral operator 1 g fo + isomorphically maps the space Hg ’Y(Q), 0<A, v<1 onto the

space Hgm’erB(Q), ifA+o<land y+p<1.

Proof. We should consider, as usual the following three parts of the proof:

1) Action of the mixed fractional integral operator from the space H 3” Y(Q) to the space ITIQ adaty (Q),

2) Action of the mixed fractional differentiation operator from the space H 3‘ roreh (Q) to the space H 3‘ ’Y(Q);

3) The possibility to represent any function f (x, y) cH 3 o7+ (Q) as ([g f +(pX)C, y) with the density in
H;7(0).

Because of (1) the parts 1) -2) are covered by Theorems 3 and 6. The part 3) is treated in the standart way in case 0 <o <1 and
0 < B <1 by using the possibility of similar representation with the density from L;(Rz), p= ( P pz). See [1] Theorem 24.4.
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