Available online at http://www.journalijdr.com
International Journal of

I ' D R DEVELOPMENT RESEARCH

ISSN: 2230-9926 International Journal of Development Research
Vol. 4, Issue, 1, pp. 195-199, January, 2014

Sas — = A

Full Length Research Article
A STUDY ON d-SYSTEM, m-SYSTEM AND n-SYSTEM IN TERNARY SEMIGROUPS
L,*Madhusudhana Rao, D. and 2Sarala, Y.

1Department of Mathematics, V. S. R & N. V. R College, Tenali, A.P. India
2Department of Mathematics, KLUF University, Green Field, Vaddeswaram, Guntur (Dt), A. P. India

ARTICLE INFO ABSTRACT

Article History: Qualitative In this paper the terms d-system, m-system, n-system, U-ternary semigroup are
Received 22" October, 2013 introduced. It is proved that an ideal A of a ternary semigroup T is a prime ideal of T if and only
Received in revised form if T\A is an m-system of T or empty. It is proved that an ideal A of a ternary semigroup T is
25" November, 2013 completely semiprime if and only if T\A is a d-system of T or empty. It is proved that every m-
Accepted 23" December, 2013 system in a ternary semigroup T is an n-system. Further it is proved that an ideal Q of a ternary

. - h
Published online 25 January, 2014 semigroup T is a semiprime ideal if and only if T\Q is an n-system of T (or) empty. It is proved

that if N is an n-system in a ternary semigroup T and a € N, then there exist an m-system M in T

Key words:

Completely prime, such thata €M and M SN. It is proved that a ternary semigroup T is U-ternary semigroup if
Prime, and only if every ideal A of T is semiprime ideal of T. Further it is proved that if T is a ternary
Completely semiprime, semigroup and A is an ideal of T, then T is U-ternary semigroup if and only if T\A is an n-system
Semiprime, of T or empty and if T is U-ternary semigroup and A is an ideal of T, then T\A is an m-system of
d-system, T.

m-system,

n-system,

U-ternary semigroup.

Copyright © 2013 Madhusudhana Rao, D. and Sarala, Y. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

INTRODUCTION

The theory of ternary algebraic systems was introduced by Lehmer (1932) in 1932, but earlier such structures was studied by
Kerner (2000) who give the idea of n-ary algebras. Lehmer (1932) investigated certain algebraic systems called triplexes which
turn out to be commutative ternary groups. Ternary semigroups are universal algebras with one associative ternary operation.
LOS (Lyapin, 1981) studied some properties of ternary semigroup and proved that every ternary semigroup can be embedded in a
semigroup. SIOSON (Sarala et al., 2013) introduced the ideal theory in ternary semigroups. He also introduced the notion of
regular ternary semigroups and characterized them by using the properties of quasi-ideals. Dixit and Dewan (1995, 1997) studied
quasi-ideals and bi-ideals in ternary semigroups. In this paper we characterize different types of systems in ternary semigroups.

PRELIMINARIES

DEFINITION 2.1: Let T be a non-empty set. Then T is said to be a ternary semigroup if there exist a mapping from TxTxT to T
which maps (X, X, X;) —> [x1x2x3] satisfying the condition :[(x1x2x3)x4x5] = [Xl (x2x3x4)x5] = [)Cl)c2 (x3x4x5 )] v X,

eT 1<i<5.

DEFINITION 2.2: Let T be ternary semigroup. A non empty subset S of T is said to be a ternary subsemigroup of T if abc €S
for all a,b,c €8.

NOTE 2.3: A non empty subset S of a ternary semigroup T is a ternary subsemigroup if and only if SSS C S.
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DEFINITION 2.4: A nonempty subset A of a ternary semigroup T is said to be left ternary ideal or left ideal of T if b, c € T, a
€ A implies bca € A.

DEFINITION 2.5: A nonempty subset of a ternary semigroup T is said to be a lateral ternary ideal or simply lateral ideal of T if
b, c € T,a e Aimplies bac € A.

DEFINITION 2.6: A nonempty subset A of a ternary semigroup T is a right ternary ideal or simply right ideal of Tifb, c € T,
a € A implies abc € A.

DEFINITION 2.7: An ideal A of a ternary semigroup T is said to be a completely prime ideal of T provided x, y, z € T and xyz
€ A implies eitherxe Aory e Aorz €A.

DEFINITION 2.8: An ideal A of a ternary semigroup T is said to be a completely semiprime ideal provided x € T, x" € A for
some odd natural number n >1 implies x € A.

DEFINITION 2.9: An ideal A of a ternary semigroup T is said to be semiprime ideal provided X is an ideal of T and X" < A for
some odd natural number » implies X € A.

DEFINITION 2.1 : If A is an ideal of a ternary semigroup T , then the intersection of all prime ideals of T containing A is called
prime radical or simply radical of A and it is denoted by \/Z or rad A.

THEOREM 2.11: An ideal Q of ternary semigroup T is a semiprime ideal of T if and only if \/Q =Q.

RESULTS

DEFINITION 3.1: A nonempty subset A of a ternary semigroup T is said to be an m-system provided for any a, b, ¢ € A implies
that T'T'aT'T'pT'T'e T'T' N A £ 0.

THEOREM 3.2: An ideal A of a ternary semigroup T is a prime ideal of T if and only if T\A is an m-system of T or empty.

Proof: Suppose that A is a prime ideal of a ternary semigroup T and T\A # .
Leta, b,c €T\A.Thena €A, b €A and ¢ €A.

Suppose if possible T'T'aT'T'sT'T'e T'T' N T\A = @.

T'TaT'THT'T e T'T' NTA =0 = T'T'T'T'PT'T'c T'T' € A,

Since A is prime, eithera e Aorb € Aorc €A.

It is a contradiction. Therefore T'T'aT'T'AT'T!e T'T! N T\A +0.

Hence T\A is an m-system.

Conversely suppose that T\A is either an m-system of T or T\A = .

If T\A = J, then T = A and hence A is a prime ideal of T.

Assume that T\A is an m-system of T. Leta, b, c e Tand<a><b><c¢>CA.
Suppose if possible a €A, b A and cZ A. Then a, b, c € T\A. Sine T\A is an m-system,
ST TAT'THT' T e T'T' NTA£0= T'T'aT'THT'T'e T'T' €A

= <a><b><c> ZA. Itis a contradiction.

Therefore « € Aorb € A or ¢ € A. Hence A is a prime ideal of T.

DEFINITION 3.3: Let T be a ternary semigroup. A non-empty subset A of T is said to be a d-system of Tifa € A = a" € A
for all odd natural number n.

THEOREM 3.4: An ideal A of a ternary semigroup T is completely semiprime if and only if T\A is a d-system of T or empty.

Proof: Suppose that A is a completely semiprime ideal of T and T\A # J .
Leta € T\A . Thena ¢ A. Suppose if possible a” & T\A for some odd natural number 7.
Then a" €A . Since A is a completely semiprime ideal then @ € A.

It is a contradiction. Therefore a@” € T\A and hence T\A is a d-system .
Conversely suppose that T\A is a d-system of T or T\A is empty.
If T\A is empty then T = A and hence A is completely semiprime.

Assume that T\A is a d-system of T. Leta € Tand a” €A .
Suppose if possible a € A. Thena € T\A.
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Since T\A is a d-system, @” € T\A. It is a contradiction. Hence a € A.
Thus A is a completely semiprime ideal of T.

DEFINITION 3.5: A non-empty subset A of a ternary semigroup T is said to be an n-system provided for any a € A implies that
T'T'aT'T'aT'T'aT'T' N A £ 0.

THEOREM 3.6: Every m-system in a ternary semigroup T is an n-system.

Proof: Let A be m-system of a ternary semigroup T. Let ¢ € A. Since A is m-system, a € A, T'T'aT'T'aT'T'aT'T' N A £ 0.
Therefore A is an n-system of T.

THEOREM 3.7: An ideal Q of a ternary semigroup T is a semiprime ideal if and only if T\Q is an n-system of T (or) empty.

Proof: Suppose that A is a semiprime ideal of a ternary semigroup T and T\A # .
Leta e T\A. Thena €A.

Suppose if possible T'T'aT'T'aT'T'aT'T' N T\A = 0.

T'TaT'T'aT'TaT'T' N TA =0 = T'T'aT'T'aT'T'aT'T' € A.

Since A is semiprime, either a € A.

It is a contradiction. Therefore T'T'aT'T'aT'T!aT'T! N T\A +0.

Hence T\A is an n-system.

Conversely suppose that T\A is either an n-system or T\A = & .

IfT\A = J then T = A and hence A is a semiprime ideal.

Assume that T\A is an n-system of T. Leta € Tand<a > CS A.

Leta € T\A, T\A is an n-system of T = T'T'aT'T'aT'T'aT'T' N T\A # 0.
Suppose if possible a € A. Then a € T\A. Since T\A is an m-system.

Then T'T'aT'T'aT'T'aT'T' ST\A= T'T'aT'T'aT'T'aT'T' €A = <a > ZA.
It is a contradiction. Therefore a € A. Hence A is a semiprime ideal of T.

THEOREM 3.8: If N is an n-system in a ternary semigroup T and @ €N, then there exist an m-system M in T such that a e M
and M CN.

Proof: We construct a subset M of N as follows:
Define a, = a, Since @, €N and N is an n-system, (T'T'a,T'T'q,T'T'a;T'T") N N #£0.

Let a, € (T'T'a,T'T'a,T'T'a,T'THNN. Since @, €N and N is an n-system, (T'T'a,T'T'a,T'T'a,T'T' )N N # & and so on.

In general, if a, has been defined with a, €N, choose a,, as an element of
(T'T'@T'T'aT'T'a,T'T) NN, LetM= {a,,a,....4,d,,....} . NowaeMand MCN.

We now show that M is an m-system.

Let a;, a;, a, € M (for i< j<k).

Then a,,, € T'T'aT'T'4T'T'4,T'T' < T'T'¢T'T'qT'T'a,T'T'

CST'T'aT'T'aT'T'¢T'T!

=a,,, =T'T'aT'T'qT'T'4T'T". But a,,, eM,s0 a,,, ET'T'aT'T'qT'T'¢T'T'N M,

Therefore M is an m-system.

Theorem 3.9: If A is an ideal of a ternary semigroup T then \/Z ={x € T: every m-system of T containing x meets A} i.e.,
JA =(xeT:M(x)NA4%D).

Proof: Suppose that x € \/Z . Let M be an m-system containing x.
Then T\M is a prime ideal of T and x € T\M. If M ﬂ A= then A c T\M.

Since T\M is a prime ideal containing A, \/Z C TM and hence x € T\M.
It is a contradiction. Therefore M(x)[1A # . Hence xe {x el:M (x)ﬂA * @}. Conversely suppose that x €

{xeT:M(x)NA4#D}.
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Suppose if possible x €& \/Z . Then there exists a prime ideal P containing A such that
x & P. Now T\P is an m-system and x € T\P.

AcP=>TPNA=-D = xg{xel :M(x)NA=D}.
It is a contradiction. Thereforex € ~/A . Thus VA = {xeT:M(x)ﬂA;t@}.

DEFINITION 3.10: A ternary semigroup T is said to be U-ternary semigroup provided for any ideal A in T, VA = T implies A =
T.

EXAMPLE 3.11: Let T be the ternary semigroup under the multiplication given in the following table.

a b c d

a a a a a
b a a a b
c a a a a

d a a c d

It can be easily verified that T is U-ternary semigroup.
THEOREM 3.12: A ternary semigroup T is U-ternary semigroup if and only if every ideal A of T is semiprime ideal of T.

Proof: Suppose that T is U-ternary semigroup. Let A is a ideal of T and VA = T. VA =T and T is U-ternary semigroup implies
that A = T. Therefore VA =A. By theorem 2.11, A is semiprime ideal of T.

Conversely suppose that A is semiprime ideal of ternary semigroup T and VA = T. By theorem 2.11, VA = A and hence
VA = T implies that A = T. Therefore T is U-ternary semigroup.

THEOREM 3.13: If T is a ternary semigroup and A is an ideal of T, then T s
U-ternary semigroup if and only if T\A is an n-system of T or empty.

Proof : Suppose that T is U-ternary semigroup. By theorem 3.12, an ideal A of ternary semigroup T is semiprime ideal of T. By
theorem 3.7, T\A is an n-system of T or empty.

Conversely suppose that T\A is an n-system of T or empty. By theorem 3.7, A is semiprime ideal of T. By theorem 3.12, T is U-
ternary semigroup.

COROLLARY 3.14: If T is U-ternary semigroup and A is an ideal of T, then T\A is an m-system of T .

Proof: Suppose that T is U-ternary semigroup. By theorem 3.13, T\A is an n-system of T. Therefore by theorem 3.6, T\A is an
m-system of T.
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